Abstract. We prove that the abundance conjecture holds on a variety X with mild singularities if X has many reflexive differential forms with coefficients in pluricanonical bundles, assuming the Minimal Model Program in lower dimensions. This implies, for instance, that under this condition, hermitian semipositive canonical divisors are almost always semiample, and that uniruled klt pairs in many circumstances have good models. When the numerical dimension of KX is 1, our results hold unconditionally in every dimension. We also treat a related problem on the semiampleness of nef line bundles on Calabi-Yau varieties.
Introduction
In this paper we prove that the abundance conjecture holds on a variety X with mild singularities if X has many reflexive differential forms with coefficients in pluricanonical bundles, assuming the Minimal Model Program in lower dimensions. The abundance conjecture and the existence of good models are the main open problems in the Minimal Model Program in complex algebraic geometry. A main step towards abundance is the so called nonvanishing conjecture. Various theorems presented in this paper are the first results on nonvanishing in dimensions ≥ 4 when the numerical dimension of X is not 0 or dim X. As a by-product, we obtain a new proof of (the most difficult part of) nonvanishing in dimension 3.
Recall that given a Q-factorial projective variety X with terminal singularities (terminal variety for short), the Minimal Model Program (MMP) predicts that either X is uniruled and has a birational model which admits a Mori fibration, or X has a birational model X ′ with terminal singularities such that K X ′ is nef; the variety X ′ is called a minimal model of X. The abundance conjecture then says that K X ′ is semiample, i.e. some multiple mK X ′ is basepoint free; the variety X ′ is then a good model of X. For various important reasons it is necessary to study a more general situation of klt pairs (X, ∆).
We recall briefly the previous progress towards the resolution of these conjectures, concentrating mainly on the case of klt singularities. Everything is classically known for surfaces. For terminal threefolds, minimal models were constructed in [Mor88, Sho85] and abundance was proved in [Miy87a, Miy88b, Miy88a, Kaw92, K + 92]. The corresponding generalisations to threefold klt pairs were established in [Sho92] and in [KMM94] . Minimal models for canonical fourfolds exist by [BCHM10, Fuj05] , and abundance for canonical fourfolds is known when κ(X, K X ) > 0 by [Kaw85b] . In arbitrary dimension, the only unconditional results are the existence of minimal models for klt pairs of log general type proved in [HM10, BCHM10] and in [CL12, CL13] by different methods, the abundance for klt pairs of log general type [Sho85, Kaw85a] , and the abundance for varieties with numerical dimension 0, see [Nak04] .
The non-log-general type case is notoriously difficult, and there are only several reduction steps known. The running assumption is that the Minimal Model Program holds in lower dimensions; this is of course completely natural, since the completion of the programme should be done by induction on the dimension. With this assumption in mind, minimal models for klt pairs (X, ∆) with κ(X, K X + ∆) ≥ 0 exist by [Bir11] , and good models exist for klt pairs (X, ∆) with κ(X, K X + ∆) ≥ 1 by [Lai11] . The existence of good models for arbitrary klt pairs was reduced to the existence of good models for klt pairs (X, ∆) with X terminal and K X pseudoeffective in [DL15] .
By a result of Lai, which we recall below in Theorem 2.5, the existence of good models for klt pairs is reduced to proving the existence of good models of pairs (X, ∆) with κ(X, K X + ∆) ≤ 0. We exploit this fact crucially in this paper. There are two faces of the problem of existence of good models.
• The second is semiampleness: showing that if (X, ∆) is a klt pair with κ(X, K X + ∆) ≥ 0, then any minimal model of (X, ∆) is good.
By [DHP13] , nonvanishing is reduced to proving κ(X, K X ) ≥ 0 for a smooth variety X with pseudoeffective canonical class. The approach to semiampleness until now has been to find a suitable extension result for pluricanonical forms as in [DHP13, GM14] , which usually requires working with singularities on reducible spaces. On the other hand, the nonvanishing in dimensions greater than 3 has remained completely mysterious. The proof by Miyaoka and Kawamata in dimension 3 resists straightforward generalisation to higher dimensions because of explicit use of surface and 3-fold geometry.
In this work we take a very different approach. The main idea is that the growth of global sections of the sheaves Ω q Ω 1 X ) * * is the sheaf of reflexive q-differentials on a terminal variety X. We use recent advances on the structure of sheaves of q-differentials together with the Minimal Model Program for a carefully chosen class of pairs to establish this link; the details of the main ideas of the proof are at the end of this section.
A hope that such a link should exist was present already in [DPS01, §2.7] . The situation here is somewhat similar to the semiampleness conjecture for nef line bundles L on varieties X of Calabi-Yau type, and we developed our main ideas while thinking about this related problem, see [LOP16] . In that context, it seems that the first consideration of the sheaves Ω q X ⊗ L appears in [Wil94] , and parts of our proofs here are inspired by some arguments there. Sheaves of this form also appear in [Ver10] in an approach towards the hyperkähler SYZ conjecture.
We now discuss our results towards nonvanishing and semiampleness. Below, ν(X, D) denotes the numerical dimension of a Q-Cartier Q-divisor on a normal projective variety X, see Definition 2.6.
Nonvanishing. The following is our first main result.
Theorem A. Let X be a terminal projective variety of dimension n with K X pseudoeffective. Assume either (i) the existence of good models for klt pairs in dimensions at most n−1, or (ii) that K X is nef and ν(X, K X ) = 1.
Assume that there exist a resolution π : Y → X of X and a positive integer q such that
for infinitely many m such that mK X is Cartier. Then κ(X, K X ) ≥ 0.
Using the sheaf Ω
[q]
X of reflexive differentials and the results of [GKKP11] , the assumption in Theorem A can be rephrased by saying that h 0 (X, Ω
X ⊗ O X (mK X )) > 0 for infinitely many m. We actually prove a stronger statement involving any effective tensor representation of Ω q Y , see Theorems 4.1 and 6.3 below. As mentioned above, the assumptions on the MMP in lower dimensions are natural and expected for any result towards abundance.
Using the main results of [DPS01] and [GM14] , our application of Theorem A is the following, which shows in particular, that hermitian semipositive canonical divisors are almost always semiample, assuming the MMP in lower dimensions. It follows from Corollaries 4.3, 4.4 and 6.7.
Theorem B. Let X be a terminal projective variety of dimension n with K X pseudoeffective and χ(X, O X ) = 0.
(i) Assume the existence of good models for klt pairs in dimensions at most n − 1. If K X has a singular metric with algebraic singularities and semipositive curvature current, then κ(X,
Semiampleness. Let (X, ∆) be a klt pair such that K X + ∆ is pseudoeffective. By passing to a terminalisation, in order to prove the existence of a good model for (X, ∆) we may assume that the pair is terminal, and we distinguish two cases. If K X is not pseudoeffective, then by [BDPP13] the variety X is uniruled, and by modifying X via a generically finite map, by [DL15] we may assume that κ(X, K X ) ≥ 0. If K X is pseudoeffective, then assuming nonvanishing, we may also assume that κ(X, K X ) ≥ 0.
Therefore, when considering the semiampleness problem, then -assuming nonvanishing -we may assume that the pair (X, ∆) under consideration is terminal and that κ(X, K X ) ≥ 0. In this context, the following is our second main result.
Theorem C. Let (X, ∆) be a projective Q-factorial terminal pair of dimension n. Assume either (i) the existence of good models for klt pairs in dimensions at most n−1, and that κ(X, K X ) ≥ 0, or (ii) that ∆ = 0, K X is nef and ν(X, K X ) = 1.
Then (X, ∆) has a good model.
As above, our results are stronger and apply to any effective tensor representation of the sheaf of logarithmic differentials, see Theorems 5.1 and 6.9 below. Theorem C generalises [Taj14, Theorem 1.5].
The following applications of Theorem C prove semiampleness for a large class of varieties. Theorem D follows from Corollaries 5.2 and 6.10.
Theorem D. Let (X, ∆) be a Q-factorial terminal pair of dimension n such that |χ(X, O X )| > 2 n−1 . Assume either (i) the existence of good models for klt pairs in dimensions at most n−1, and that κ(X, K X ) ≥ 0, or (ii) that ∆ = 0, K X is nef and ν(X, K X ) = 1. Then (X, ∆) has a good model.
When the underlying variety of a klt pair is uniruled, by using the main result of [DL15] we can say much more: that it in many circumstances has a good model, assuming the MMP in lower dimensions.
Theorem E. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a klt pair of dimension n such that X is uniruled and K X + ∆ is pseudoeffective. If |χ(X, O X )| > 2 n−1 , then (X, ∆) has a good model. Theorem E follows from Theorem 7.1 below.
Nef bundles on Calabi-Yau varieties. As mentioned on page 3, the problem of deciding whether the canonical class on a minimal variety is semiample is intimately related to the problem of deciding whether a nef line bundle on a variety with trivial canonical class is semiample. Using very similar ideas, one can find analogues of Theorems A and C in this second context; this is done in Section 8. This method was already crucial in [LOP16] , and we expect it to be of similar use in the future. Immediate consequences of this approach are contained in the following result, which is Theorem 8.5.
Theorem F. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a projective klt variety of dimension n such that K X ∼ Q 0, and let L be a nef line bundle on X.
(i) Assume that L has a singular hermitian metric with semipositive curvature current and with algebraic singularities. If
Note that when X is a hyperkähler manifold and L is a hermitian semipositive line bundle on X, then automatically χ(X, O X ) = 0, and it is known unconditionally that κ(X, L) ≥ 0 by [Ver10] . We obtain in Section 8 also more precise information when X is a Calabi-Yau manifold of even dimension.
Sketch of the proof. We now outline the main steps of the proof of Theorem A; the proof of Theorem C is similar. Assume for simplicity that X is a smooth minimal variety, and that there exists a positive integer q such that for infinitely many m we have
By using the main results of [CP11, CP15] , we first show that there exists a pseudoeffective divisor F and divisors N m ≥ 0 for infinitely many m with
By the basepoint free theorem and by the pseudoeffectivity of F we may assume that none of N m are big, and a short additional argument allows to deal with the case where κ(X, N m ) = 0 for infinitely many m. Then the results of [Lai11, Kaw91] allow us to run a Minimal Model Program with scaling for a carefully chosen pair (X, εN k ), so that K X is nef at every step of the programme. In other words, replacing X by the obtained minimal model, we may additionally assume that all K X + εN m are semiample for m sufficiently large. By using the pseudoeffectivity of F again, we show the existence of a fibration f : X → Y to a lower-dimensional variety Y and of a big Q-divisor D on Y such that K X ∼ Q f * D. This produces the desired contradiction.
Outline of the paper. In Section 2 we collect definitions and results which are used later in the paper. Most of the material should be well known, however we decided to give proofs when a good reference could not be found.
The whole of Section 3 is dedicated to the MMP argument hinted at above. The subtlety of the proof consists in finding the right Minimal Model Program to run, in order to preserve all the good properties of the canonical class and to find a birational model of the initial variety, on which the canonical class is the pullback of a Q-divisor from a lower-dimensional base.
In Section 4 we prove a more general version of Theorem A. Apart from the results from Section 3, the main input is the stability of the cotangent bundle [CP11, CP15] , which generalise previous results of [Miy87b] . Using the main result of [DPS01] , we also derive a part of Theorem B.
Section 5 is devoted to the proofs of Theorem C and a part of Theorem D. The proofs are similar to those in Section 4, although they are somewhat more involved.
Under the additional assumption that the numerical dimension of the (log) canonical class is 1, we can deduce several results unconditionally, and this occupies Section 6. In this special case, one can avoid the MMP techniques from Section 3. Previous unconditional results were only known when the numerical dimension is 0 or maximal, see [BCHM10, Nak04, Dru11] .
In Section 7, we consider uniruled varieties and prove Theorem E. Following [DL15] , we reduce the existence of good models for uniruled pairs to the case of effective canonical class, so that we can apply the results from Section 5.
Finally, we treat the related problem of the semiampleness of nef line bundles on varieties of Calabi-Yau type in Section 8. The techniques are similar to those of the previous sections. We finish by proving Theorem F.
Preliminaries
In this paper we work over C, and all varieties are normal and projective. We start with the following easy result which will be used in the proof of Theorem 3.1.
Lemma 2.1. Let X be a variety and D a reduced Weil divisor on X. Let {N m } m∈N a sequence of effective Weil divisors on X such that Supp N m ⊆ Supp D for every m. Then there exist positive integers k = ℓ such that
, where D i are prime divisors, the proof is by induction on n. We may assume that there does not exist an integer k ≥ 2 such that N k ≥ N 1 . Then for each k ≥ 2, we have mult
for some i. Hence, by passing to a subsequence and by relabelling, we may assume that mult D 1 N k is constant for all k ≥ 2, and set
, and the conclusion follows. We often use without explicit mention that if f : X Y is a birational map between Q-factorial varieties which is either a morphism or an isomorphism in codimension 1, and if D is a big, respectively pseudoeffective divisor on X, then f * D is a big, respectively pseudoeffective divisor on Y .
We need the following easy consequences of the Hodge index theorem and of the existence of the Iitaka fibration.
Lemma 2.2. Let X be a smooth projective surface, and let L and M be divisors on X such that
If L and M are not numerically trivial, then L and M are numerically proportional.
Proof. Let H be an ample divisor on X. By the Hodge index theorem we have λ = L · H = 0 and µ = M · H = 0, and set
Lemma 2.3. Let X be a normal projective variety and let L be a Q-divisor on X with κ(X, L) ≥ 0. Then there exist a resolution π : Y → X and a fibration f : Y → Z:
, and for every π-exceptional Q-divisor E ≥ 0 on Y and for a very general fibre F of f we have
Proof. By passing to multiples, we may assume that L and E are Cartier. The result is clear when κ(X, L) = 0, hence we may assume that κ(X, L) ≥ 1. The lemma follows essentially from the proof of [Laz04, Theorem 2.1.33], and we use the notation from that proof. We may assume that X ∞ is smooth and that X ∞ = X (p) = X (q) . By possibly blowing up X (m) more, we may assume that all birational maps ξ m : X (m) X ∞ are morphisms.
Then it is clear that for every m we have
Since all the maps in the proof of [Laz04, Theorem 2.1.33] are defined via multiples of M m , it follows that the morphism φ ∞ : X ∞ → Y ∞ is also a model for the Iitaka fibration of u * ∞ L+E, and in particular, for a very general fibre
2.1. Good models. A pair (X, ∆) consists of a normal variety X and a Weil Q-divisor ∆ ≥ 0 such that the divisor K X + ∆ is Q-Cartier. Such a pair is log smooth if X is smooth and if the support of ∆ has simple normal crossings. The standard reference for the foundational definitions and results on the singularities of pairs and the Minimal Model Program is [KM98] , and we use these freely in this paper.
We recall the definition of log terminal and good models.
Definition 2.4. Let X and Y be Q-factorial varieties, and let D be a Qdivisor on X. A birational contraction f : X Y is a log terminal model for D if f * D is nef, and if there exists a resolution (p, q) : W → X × Y of the map f such that p * D = q * f * D + E, where E ≥ 0 is a q-exceptional Qdivisor which contains the proper transform of every f -exceptional divisor in its support. If additionally f * D is semiample, the map f is a good model for D.
Here we recall additionally that flips for klt pairs exist by [BCHM10] . We also use the MMP with scaling of an ample divisor as in [BCHM10, §3.10] .
In this context, the following result says, among other things, that if one knows that a good model for a klt pair (X, ∆) exists, then one knows that there exists also an MMP which leads to a good model; this will be crucial in the proofs in Section 3.
Theorem 2.5. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective klt pair such that κ(X, K X + ∆) ≥ 1. Then (X, ∆) has a good model, and every (K X + ∆)-MMP with scaling of an ample divisor terminates with a good model of (X, ∆). If K X + ∆ is additionally nef, then it is semiample.
Proof 2.2. Numerical Kodaira dimension. If L is a pseudoeffective R-Cartier R-divisor on a projective variety X, we denote by P σ (L) and N σ (L) the R-divisors forming the Nakayama-Zariski decomposition of L, see [Nak04,  Chapter III] for the definition and the basic properties. Further, we recall the definition of the numerical Kodaira dimension [Nak04, Kaw85b] .
Definition 2.6. Let X be a smooth projective variety and let D be a pseudoeffective Q-divisor on X. If we denote
Note that this coincides with various other definitions of the numerical dimension by [Leh13] . If X is a projective variety and if D is a pseudoeffective Q-Cartier Q-divisor on X, then we set ν(X, D) = ν(Y, f * D) for any birational morphism f : Y → X from a smooth projective variety Y . When the divisor D is nef, then alternatively,
We use often without explicit mention that the functions κ and ν behave well under proper pullbacks: in other words, if D is a Q-divisor on a Qfactorial variety X, and if f : Y → X is a proper surjective morphism, then
If f is birational and E is an effective f -exceptional divisor on Y , then Lemma 2.7. Let (X, ∆) be a klt pair. Then (X, ∆) has a good model if and only if κ(X, K X + ∆) = ν(X, K X + ∆).
The proof of the following simple lemma is analogous to that of [DL15,
Proof. By passing to multiples, we may assume that both D and
is p-exceptional and without common components and E +
q , E − q ≥ 0 is q-exceptional and without common components. Then there are q-exceptional divisors E + , E − ≥ 0 without common components such
and since π is a contraction, E + p and E − p are q-exceptional. Therefore,
which was to be proved. The second inequality is analogous.
2.3. Torsion free and reflexive sheaves. A coherent sheaf F on an algebraic variety X is reflexive if the natural homomorphism from F to its double dual F * * is an isomorphism. In particular, a reflexive sheaf F is torsion free. If X is locally factorial, then a reflexive sheaf of rank 1 is a line bundle [Har80, Proposition 1.9]. If X is smooth, then a reflexive sheaf is locally free away from a codimension 3 subset of X [Har80, Corollary 1.4], and a torsion free sheaf is locally free away from a codimension 2 subset of X [OSS80, Corollary on p. 148]. Let F be a coherent sheaf which is a subsheaf of a locally free sheaf E. The saturation of F in E is the largest sheaf F ′ ⊆ E such that F ⊆ F ′ , the ranks of F and F ′ are the same, and the quotient E/F ′ is torsion free. The saturation F ′ always exists and is a reflexive sheaf, see [OSS80, Lemma 1.1.16].
If F is a torsion free coherent sheaf of rank r on a smooth variety X, then the determinant of F is by definition det F = r F * * . If F is reflexive, then this definition coincides with that in [Har80, p. 129] . Let E be a coherent sheaf on an algebraic variety X. Each nontrivial global section σ ∈ H 0 (X, E) gives a nontrivial morphism f σ : O X → E. We say that a sheaf F ⊆ E is the subsheaf of E generated by global sections of E if it is the image of the morphism σ∈H 0 (X,E) f σ .
The next proposition seems to be folklore, but we include the proof for the benefit of the reader.
Proposition 2.9. Let X be a smooth variety and let F be a globally generated torsion free sheaf on X of rank r. If h 0 (X, F) ≥ r + 1, then
Proof. Arguing by contradiction, assume that h 0 (X, det F) ≤ 1. Let X • be the largest open subset where F is locally free. Then codim X (X \ X • ) ≥ 2, which implies that h 0 (X • , det F| X • ) ≤ 1 by [Har80, Proposition 1.6], and that the restriction map
is injective. Let η be the generic point of X. Our assumption and (1) imply that there are Theorem 2.10. Let (X, ∆) be a log smooth projective pair, where ∆ is a reduced divisor. Let Ω 1 X (log ∆) ⊗m → Q be a torsion free coherent quotient for some m ≥ 1. If K X + ∆ is pseudoeffective, then c 1 (Q) is pseudoeffective.
2.4.
Metrics on line bundles. Let X be a normal projective variety and let D be a Q-Cartier divisor. Following [DPS01] and [Dem01] , we say that D, or O X (D), has a metric with analytic singularities and semipositive curvature current, if there exists a positive integer m such that mD is Cartier and if there exists a resolution of singularities π : Y → X such that the line bundle π * O X (mD) has a singular metric h whose curvature current is semipositive (as a current), and the local plurisubharmonic weights ϕ of h are of the form
where λ j are positive real numbers, O(1) is a bounded term, and the divisors D j defined locally by g j form a simple normal crossing divisor on Y . We then have
where I(h ⊗m ) is the multiplier ideal associated to h ⊗m . If all λ j are rational, then h has algebraic singularities.
has a smooth hermitian metric h whose curvature Θ h (D) is semipositive. We mostly use these notions when D = K X .
The following result [DPS01, Theorem 0.1] is a generalisation of the hard Lefschetz theorem.
Theorem 2.11. Let X be a compact Kähler manifold of dimension n with a Kähler form ω. Let L be a pseudoeffective line bundle on X with a singular hermitian metric h such that Θ h (L) ≥ 0. Then for every nonnegative integer q the morphism
is surjective.
We also need the following result [LOP16, Lemma 3.6].
Lemma 2.12. Let X be a projective manifold and let L be a pseudoeffective Cartier divisor on X. Let h be a singular hermitian metric on O X (L) with semipositive curvature current and multiplier ideal sheaf I(h). Let D be an effective Cartier divisor such that
MMP with a twist
In the Minimal Model Program, starting from a klt pair (X, ∆) with K X + ∆ pseudoeffective, one wants to produce a good model for (X, ∆). It is often difficult even to start the construction due to lack of sections of K X + ∆. However, if we are in a favourable situation that arbitrarily good approximations of K X + ∆ have (many) sections, then one can conclude the same for K X + ∆ itself. That is the content of this section.
We start with the case when K X + ∆ is nef. It turns out that in this case one can control the growth of sections of K X + ∆ precisely, and similar techniques will be used in Section 8.
Theorem 3.1. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective klt pair of dimension n such that K X + ∆ is nef. Assume that there exist a pseudoeffective Q-divisor F on X and an infinite subset S ⊆ N such that
for all m ∈ S, where N m ≥ 0 are integral Weil divisors. Then
Proof.
Step 1. Note first that (2) implies
We claim that for every m ∈ S and every rational ε > 0 we have
Indeed, pick i m ∈ S very large such that ε m < ε, where ε m = 1 im−m . Then by (3) we have
which proves (4).
There are now three cases to consider.
Step 2. First assume that K X + ∆ + εN p is big for some p ∈ S and some rational number ε > 0. Then (2) implies that the divisor
is big, and the result is clear since then N m is big for m ≫ 0 by (3).
Step 3. Now assume that κ(X, K X + ∆ + εN p ) = 0 for some p ∈ S and some rational number ε > 0. Fix q ∈ S such that q − p > 1/ε. Then as in (5) we have
, and therefore κ(X, N q ) = 0. Let r ∈ S be such that r > q. Then by (3) we have
Since κ(X, N q ) = 0, this implies
and hence Supp N r ⊆ Supp N q and κ(X, N r ) = 0. Therefore, for r > q, all divisors N r are supported on a reduced Weil divisor. By Lemma 2.1, there are positive integers k = ℓ larger than q in S such that N k ≤ N ℓ , and hence by (3),
If m is an element of S with m ≥ q, then κ(X, N m ) = 0 by above, and if m < q, then 0 = κ(X, N q ) ≥ κ(X, N m ) by (3), which yields the result.
Step 4. Finally, assume that (6) 0 < κ(X, K X + ∆ + εN p ) < n for every p ∈ S and every ε > 0.
It suffices to show that
for all large m ∈ S and κ(X, N q ) ≤ κ(X, N p ) for p, q ∈ S with q < p, which implies the theorem. Fix a positive integer t such that t(K X + ∆) is Cartier. Fix integers ℓ > k in S and fix a rational number 0 < ε ≪ 1 such that:
(a) the pair (X, ∆ + εN k ) is klt, and
and fix an ample divisor A on X. We run the MMP with scaling of A for the klt pair (X, ∆ + δN k ). By (3) we have
hence every step in this MMP is a (K X + ∆ + εN ℓ )-negative map. Since we are assuming the existence of good models for klt pairs in lower dimensions, by Theorem 2.5 our MMP with scaling of A terminates with a good model for (X, ∆ + δN k ). We claim that this MMP is (K X + ∆)-trivial, and hence the proper transform of t(K X + ∆) at every step of this MMP is a nef Cartier divisor by [KM98, Theorem 3.7(4)]. Indeed, it is enough to show the claim for the first step of the MMP, as the rest is analogous. Let c R : X → Z be the contraction of a (K X + ∆ + δN k )-negative extremal ray R in this MMP. Since by (3) we have
and as K X +∆ is nef, the equation (8) implies that R is also (K X +∆+εN k )-negative. By the boundedness of extremal rays [Kaw91, Theorem 1], there exists a rational curve C contracted by c R such that
Cartier. But then (9) and the condition (b) above yield
a contradiction which proves the claim, i.e. the MMP is (K X + ∆)-trivial.
Step 5. In particular, the numerical Kodaira dimension and the Kodaira dimension of K X + ∆ are preserved in the MMP, see [KM98, Theorem 3.7(4)] and §2.2. Hence, K X + ∆ is not big by (6). Furthermore, the proper transform of F is pseudoeffective, and the Kodaira dimension of the proper transform of each N m for m ∈ S does not decrease by Lemma 2.8. Therefore, by replacing X by the resulting minimal model, we may assume that K X + ∆ + δN k is semiample, and hence the divisor K X + ∆ + εN ℓ is also semiample by (8). Note also that κ(X, K X + ∆ + εN m ) > 0 for all m ∈ S by Lemma 2.8.
Fix m ∈ S such that m > ℓ. Then the divisor
is nef. Notice that K X + ∆ + εN m is not big, since otherwise K X + ∆ would be big as in Step 2. Therefore, we have 0 < κ(X, K X + ∆ + εN m ) < n. By (3) we have
Since we are assuming the existence of good models for klt pairs in lower dimensions, by Theorem 2.5 the divisor K X + ∆ + εN m is semiample.
Let ϕ ℓ : X → S ℓ and ϕ m : X → S m be the Iitaka fibrations associated to K X + ∆ + εN ℓ and K X + ∆ + εN m , respectively. Then there exist ample Q-divisors A ℓ on S ℓ and A m on S m such that
If ξ is a curve on X contracted by ϕ m , then
In particular, ξ is contracted by ϕ ℓ , which implies that there exists a morphism ψ :
and hence B 0 is pseudoeffective. Therefore the divisor A m + B 0 is big on S m , and
and note that this holds for all m ∈ S sufficiently large. This proves (7) and finishes the proof of the theorem. Now we treat the general case when K X + ∆ is pseudoeffective. We start with the following result which is implicit already in [DHP13, DL15] . It says that if a klt pair (X, ∆) has a fibration to a lower dimensional variety which is not a point, then often the existence of good models holds, assuming the Minimal Model Program in lower dimensions.
Proposition 3.2. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective klt pair such that K X + ∆ is pseudoeffective. If there exists a fibration X → Z to a normal projective variety Z such that dim Z ≥ 1 and K X + ∆ is not big over Z, then (X, ∆) has a good model. (X min , ∆ min ) of (X, ∆) over Z; alternatively, this follows from [HX13, Lemma 2.12]. Let ϕ : X min → X can be the corresponding fibration to the canonical model of (X, ∆) over
, there exists a divisor ∆ can ≥ 0 on X can such that the pair (X can , ∆ can ) is klt and
Since we assume the existence of good models for klt pairs in dimensions at most n − 1, by Lemma 2.7 we have
and the result follows by the discussion in §2.2 and by another application of Lemma 2.7.
Theorem 3.3. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective klt pair of dimension n such that K X + ∆ is pseudoeffective. Assume that there exist a pseudoeffective Q-divisor F on X and an infinite subset S ⊆ N such that
Proof. We first observe that Steps 1-3 of the proof of Theorem 3.1 work also in the case when K X + ∆ is pseudoeffective and not only nef. The relation (11) implies
and as in the proof of Theorem 3.1, for every m ∈ S and every rational ε > 0 we have κ(X, K X + ∆ + εN m ) ≥ κ(X, N m ). Again as in that proof, we may assume that (13) 0 < κ(X, K X + ∆ + εN p ) < n for every p ∈ S and every ε > 0.
We first show that
Fix p ∈ S and denote L = K X + ∆ + N p . By Lemma 2.3 there exists a resolution π : Y → X and a morphism f : Y → Z:
. . , n − 1}, and for a very general fibre F of f and for every π-exceptional Q-divisor G on Y we have
There exist Q-divisors Γ, E ≥ 0 without common components such that
and it is enough to show that κ(Y, K Y + Γ) ≥ 0. By (15) we have Note that then by (12) we have κ(X, K X + ∆) ≤ κ(X, N m ) for all large m ∈ S and κ(X, N q ) ≤ κ(X, N p ) for p, q ∈ S with q < p, hence it suffices to show that κ(X, K X + ∆) ≥ κ(X, N m ) for all large m ∈ S. Now, by [DL15, Theorem 2.5] there exists a log terminal model
of (X, ∆), and for all m ∈ S we have
Then Theorem 3.1 implies
and the result follows from Lemma 2.8.
Finally, the following is an immediate corollary of the proof of Theorem 3.3.
Theorem 3.4. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective klt pair of dimension n such that K X + ∆ is pseudoeffective. Assume that there exists a pseudoeffective Q-divisor F on X such that κ X, m(K X + ∆) − F ≥ 1 for infinitely many m. Then K X + ∆ has a good model.
Proof. By assumption, the set S = {m ∈ N | κ X, m(K X + ∆) − F ≥ 1} has infinitely many elements, and hence for every m ∈ S, there exists a Q-divisor N m ≥ 0 such that
Then as in the proof of Theorem 3.3, we obtain
note that the condition that the divisors N m are integral was only used in Step 3 of the proof of Theorem 3.1, and the situation in this step does not happen in our context by the equation (5). We conclude by Theorem 2.5.
Nonvanishing
In this section, we prove Theorem A. Note that by [DHP13, Theorem 8.8], assuming the existence of good models for a klt pairs in dimensions at most n − 1, the nonvanishing for klt pairs in dimension n reduces to nonvanishing for terminal varieties in dimension n. Therefore, one does not gain any generality when one considers nonvanishing for pairs. The situation is, however, different when one considers semiampleness.
The following result implies Theorem A, since any tensor representation of a vector bundle can be embedded as a submodule in its high tensor power, see [Bou98, Chapter III, §6.3 and §7.4].
Theorem 4.1. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a Q-factorial projective terminal variety of dimension n with K X pseudoeffective. Assume that κ(X, K X ) = −∞. Let π : Y → X be a resolution of X. Then for every p ≥ 1 we have
Proof. We first note that we have
Arguing by contradiction, assume that there exists p ≥ 1 and an infinite set T ⊆ Z such that
for all m ∈ T . Denote E = (Ω 1 Y ) ⊗p and Z = P(E) with the projection f : Z → Y . First note that
Since K X is pseudoeffective and not numerically trivial, the line bundle
is not pseudoeffective for m ≪ 0, hence there are only finitely many negative integers in T . Therefore, we may assume that T ⊆ N.
gives an inclusion O Y (−mπ * K X ) → E, and let F ⊆ E be the image of the map
Then F is quasi-coherent by [Har77, Proposition II.5.7], and therefore a torsion free coherent sheaf as it is a subsheaf of the torsion free coherent sheaf E. Let r be the rank of F. We may assume that there exist infinitely many r-tuples (m 1 , . . . , m r ) such that the image of the map
has rank r: indeed, if this is not the case, we replace T by a suitable infinite subset, and the rank of F is smaller than r. Taking determinants in (17) yields inclusions
There is a Cartier divisor
Then by (18) there exists an infinite set S ⊆ N such that
Consider the exact sequence
Since O Y (−F Y ) is saturated in r E, the sheaf Q is torsion free, and hencẽ F Y = c 1 (Q) is pseudoeffective by Theorem 2.10. From the above exact sequence, there exists a positive integer ℓ such that ℓK
From (19), for every m ∈ S we obtain an effective divisorÑ m+ℓ such that N m+ℓ ∼ mπ * K X − F Y , and hence
Denote N m+ℓ = π * Ñm+ℓ and F = π * FY ; note that N m+ℓ is effective and that F is pseudoeffective. Pushing forward the relation (20) to X, we get
Now Theorem 3.3 gives a contradiction.
The same proof also shows the following variant.
Theorem 4.2. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a Q-factorial projective terminal variety of dimension n with K X pseudoeffective. Assume that κ(X, K X ) = −∞. Let π : Y → X be a resolution of X, and let E 1 , . . . , E ℓ be all π-exceptional prime divisors on Y . Then for all integers λ i , for all m = 0 sufficiently divisible and for all q ≥ 0 we have
Now we are ready to state the first corollary of Theorem 4.1. The details are taken from [DPS01, Theorem 2.14], but we include the proof for the benefit of the reader.
Corollary 4.3. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a projective terminal variety of dimension n with K X pseudoeffective. Suppose that K X has a metric with algebraic singularities and semipositive curvature current. If χ(X, O X ) = 0, then κ(X, K X ) ≥ 0.
Proof. Let ρ : X ′ → X be a Q-factorialisation of X, see [Kol13, Corollary 1.37]. Then ρ is an isomorphism in codimension 1, hence K X ′ = ρ * K X and X ′ is terminal. By replacing X by X ′ , we may thus assume that X is Q-factorial. 
and thus
Theorem 2.11 implies that for all p ≥ 0 and for all m > 0 sufficiently divisible,
which together with (22) and Serre duality yields
for all m > 0 sufficiently divisible. There are integers p j and q j = 0 such that λ j = p j /q j , and denote q = q j and D = Since X has rational singularities, this implies χ(X, O X ) = 0, a contradiction which finishes the proof.
When K X is hermitian semipositive, the conclusion is much stronger.
Corollary 4.4. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a projective terminal variety of dimension n. Assume that there is a positive integer m and a desingularization π : Y → X such that π * O X (ℓK X ) has a singular metric h with semipositive curvature current and vanishing Lelong number. If the numerical polynomial
is not identically zero, then K X is semiample. In particular, the result holds when K X is hermitian semipositive.
Proof. We follow closely the proof of Corollary 4.3. We may assume that X is Q-factorial. Arguing by contradiction, assume that κ(X, K X ) = −∞. There exists a resolution π : Y → X such that for some positive integer ℓ the divisors ℓK X and ℓK Y are Cartier, and there exists a smooth hermitian semipositive metric h on π * O X (ℓK X ). Note that
Then by Theorem 4.1, for all p ≥ 0 and for all m > 0 sufficiently divisible we have
which together with Theorem 2.11 and Serre duality implies
hence χ Y, π * O X (mℓK X ) = 0 for all m. Since X has rational singularities, we deduce χ X, O X (mℓK X ) = 0 for all m, a contradiction. Therefore, κ(X, K X ) ≥ 0, and hence K X is semiample by [GM14, Theorem 5.1].
Remark 4.5. The proof of Corollary 4.4 actually gives more: if K X is not semiample, then for all q and all m sufficiently divisible we have
Semiampleness
In this section we prove Theorem C.
Theorem 5.1. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective terminal pair of dimension n such that κ(X, K X ) ≥ 0. Let π : Y → X be a sufficiently high resolution of X, fix a tensor representation E of Ω 1 Y (log⌈π −1 * ∆⌉), and let q be the rank of E. If K X + ∆ does not have a good model, then for all m such that m(K X + ∆) is Cartier, we have
is terminal, and we have
Let π : Y → X be a log resolution of (X, ∆ ′ ), and write 
Then the pair (Y, Γ Y ) is dlt, and κ(Y, K
by Lemma 2.7. Let E ′ be a tensor representation of Ω 1 Y (log Γ Y ) corresponding to E. Observing that ⌈π * ∆⌉ ≤ Γ Y , we have an inclusion
hence it suffices to show
for all sufficiently divisible m.
Step 2. Arguing by contradiction, assume that there exist some m 0 ≥ 0 sufficiently divisible such that
) generated by its global sections, and let r be the rank of F. Then
and there exists a Cartier divisor
and denote
Then we have the exact sequence
Since O Y (−F Y ) is saturated in r E ′ , the sheaf Q is torsion free, and hence F = c 1 (Q) is pseudoeffective by Theorem 2.10. From the above exact sequence, there exists a positive integer ℓ such that ℓ(
From (25), for every m ∈ S we have κ(Y, N m+ℓ ) ≥ 1, and (26) gives Corollary 5.2. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a Q-factorial projective terminal pair of dimension n such that κ(X, K X ) ≥ 0. If K X + ∆ does not have a good model, then
In particular, |χ(X, O X )| ≤ 2 n−1 .
Proof. Let π : Y → X be a sufficiently high resolution of X. Applying Theorem 5.1 with m = 0 we obtain
hence the first statement follows from Hodge symmetry, since X has rational singularities.
Numerical dimension 1
In this section we show that some of the previous results hold unconditionally in every dimension, if one assumes that the numerical dimension of the canonical class is 1. The following is the key technical observation.
Theorem 6.1. Let X be a projective Q-factorial variety of dimension n, and let L be a nef divisor on X such that ν(X, L) = 1. Assume that there exist a pseudoeffective Q-divisor F and a non-zero
Proof. Let f : Y → X be a resolution of X, and denote
so that we have the Nakayama-Zariski decomposition
Assume first that P ≡ 0. Let S be a surface in Y cut out by n − 2 general hyperplane sections. Then P | S is nef by [Nak04, Remark III.2.8 and paragraph after Corollary V.1.5], and in particular
On the other hand, since ν(Y, L ′ ) = 1, we have
Now the Hodge index theorem implies (P | S ) 2 ≤ 0, and hence (P | S ) 2 = 0 by (27). Then Lemma 2.2 yields P | S ≡ λL ′ | S for some real number λ > 0, and hence P ≡ λL ′ by the Lefschetz hyperplane section theorem. Note that D ′ = 0 implies λ < 1. Therefore, setting
for a rational number 0 < ε ≪ 1, we obtain
Let E 1 , . . . , E r be the components of E ′ and let π :
Setting E = f * (E ′′ + εD ′ ), we have L ≡ E and E ≥ εD, which proves the result in the case P ≡ 0.
We conclude as above.
Corollary 6.2. Let (X, ∆) be a Q-factorial projective klt pair such that K X + ∆ is nef and ν(X, K X + ∆) = 1. Assume that there exist a pseudoeffective Q-divisor F and a non-zero Q-divisor D ≥ 0 on X such that
Proof. By Theorem 6.1 applied to L = K X + ∆, there exists an effective Q-divisor E on X such that K X + ∆ ≡ E and κ(X, E) ≥ κ(X, D). By [CKP12, Theorem 0.1] we have κ(X, K X + ∆) ≥ κ(X, E), and the result follows.
Theorem 6.3. Let X be a minimal Q-factorial projective terminal variety of dimension n. Assume that κ(X, K X ) = −∞ and ν(X, K X ) = 1. Let π : Y → X be a resolution of X. Then for all m = 0 sufficiently divisible and for all p we have
Proof. The proof is the same as the proof of Theorem 4.1, by invoking Corollary 6.2 instead of Theorem 3.3.
Corollary 6.4. Let X be a minimal Q-factorial projective terminal variety of dimension n such that ν(X, K X ) = 1. Assume that K X has a singular metric with algebraic singularities and semipositive curvature current. If χ(X, O X ) = 0, then κ(X, K X ) ≥ 0. In particular, the result holds if K X is hermitian semipositive.
Proof. The proof is the same as that of Corollary 4.3, by invoking Theorem 6.3 instead of Theorem 4.1.
Theorem 6.5. Let X be a Q-factorial projective variety and let L be a nef divisor on X with ν(X, L) = 1. Assume that there exists a resolution π : Y → X and a singular metric h on π * O X (L) with semipositive curvature current such that the multiplier ideal sheaf
Proof. Let V ⊆ Y be the subspace defined by I(h), and let y be a closed point in V with ideal sheaf I y in y. Let µ :Ŷ → Y be the blow-up of Y at y and let E = π −1 (y) be the exceptional divisor. Letĥ be the induced metric on (π • µ) * O X (L). By [Dem01, Proposition 14.3], we have
By Lemma 2.12, the divisor (π•µ) * L−E is pseudoeffective. Then by Lemma 6.1 there exists a Q-divisorD ≥ 0 onŶ such that (π • µ) * L ≡D, and we
Corollary 6.6. Let (X, ∆) be a Q-factorial projective klt pair such that K X + ∆ is nef and ν(X, K X + ∆) = 1. Assume that there exist a resolution π : Y → X, a positive integer m such that m(K X + ∆) is Cartier, and a singular metric h on π * O X m(K X + ∆) with semipositive curvature current, such that the multiplier ideal sheaf
Proof. By Theorem 6.5 applied to L = m(K X + ∆), there exists an effective
, and the result follows.
The following is the main result of this section.
Theorem 6.7. Let X be a minimal Q-factorial projective terminal variety such that ν(X,
Proof. If there exist a resolution π : Y → X, a positive integer m such that mK X is Cartier, and a singular metric h on π * O X (mK X ) with semipositive curvature current, such that the multiplier ideal sheaf I(h) is different from O Y , then the result follows from Corollary 6.6. Otherwise, pick a resolution π : Y → X, a positive integer m such that mK X is Cartier, and a singular metric h on π * O X (mK X ) with semipositive curvature current. Then the result follows from Corollary 6.4; note that since I(h ⊗ℓ ) = O Y for all ℓ, here the hypothesis in Corollary 6.4 that h has algebraic singularities is not necessary.
Remark 6.8. Theorem 6.7 gives a new proof of the hardest part of nonvanishing for minimal terminal threefolds. Indeed, if X is a minimal terminal threefold, we only need to check the cases ν(X, K X ) ∈ {1, 2}. If the irregularity q(X) is positive, then the nonvanishing follows from known cases of Iitaka's conjecture C n,m applied to the Albanese map, see for instance [MP97, . The case ν(X, K X ) = 2 is a relatively quick application of Miyaoka's inequality for Chern classes and the Kawamata-Viehweg vanishing, see [MP97, . The remaining case ν(X, K X ) = 1 is the most difficult. Since we may assume that q(X) = 0, we are reduced to the case that χ(X, O X ) > 0. Then the nonvanishing follows from Theorem 6.7.
Theorem 6.9. Let X be a minimal Q-factorial projective terminal pair of dimension n such that ν(X, K X ) = 1. Let π : Y → X be a resolution of X, fix a tensor representation E of Ω 1 Y , and let q be the rank of E. If K X is not semiample, then for all m such that mK X is Cartier we have
Proof. We follow the proof of Theorem 5.1 closely. Arguing by contradiction, assume that there exist some m 0 such that m 0 K X is Cartier and
Let F be the subsheaf of E ⊗ O Y (m 0 π * K X ) generated by its global sections, and let r be the rank of F. Then
and there exists a Cartier divisor N such that O Y (N ) is the saturation of det F in r E ⊗ O Y (rm 0 π * K X ). By Proposition 2.9 we have
Since O Y (−F Y ) is saturated in r E, the sheaf Q is torsion free, and hence F = c 1 (Q) is pseudoeffective by Theorem 2.10. From the above exact sequence, there exists a positive integer ℓ such that ℓK Y ∼ F − F Y , and (29) gives
Pushing forward this relation by π, we obtain
Since π * F is pseudoeffective and κ(X, π * N ) ≥ 1 by Lemma 2.8, Corollary 6.2 implies that κ(X, K X ) ≥ 1, and hence κ(X, K X ) = ν(X, K X ) = 1. Now Lemma 2.7 gives a contradiction.
Corollary 6.10. Let X be a minimal Q-factorial projective terminal variety of dimension n such that ν(X,
The result follows by Theorem 6.9. For (b), by Lemma 2.7 it suffices to show that κ(X, K X ) = ν(X, K X ). Arguing by contradiction, assume that κ(X, K X ) = 0. Let π : Y → X be a resolution of X. Note that |χ(X, O X )| = |χ(X, O X )| = 0 since X has rational singularities, and that π 1 (Y ) is infinite by [ Tak03 
where the sheaf Q is torsion free, and hence F = c 1 (Q) is pseudoeffective by Theorem 2.10. From the above exact sequence, there exists a positive integer ℓ such that N + F ∼ ℓK Y . Pushing forward this relation by π, we obtain
hence Corollary 6.2 and Lemma 2.8 imply
a contradiction which finishes the proof.
We also notice:
Theorem 6.11. Let X be a minimal Q-factorial projective klt variety of dimension n such that ν(X, K X ) = 1. If for some q > 0 there exists
which vanishes along some divisor, then κ(X, K X ) ≥ 0. 
where Q is torsion free. The divisor c 1 (Q) is pseudoeffective by Theorem 2.10, and there exists a positive integer ℓ such that
By Theorem 6.1, this implies κ(X,
, which finishes the proof.
Uniruled varieties
When the underlying variety of a klt pair (X, ∆) is uniruled, whichas explained in the introduction -is equivalent to the canonical class not being pseudoeffective on a terminalisation of X, we can show that the pair in many circumstances has a good model. The following is Theorem E.
Theorem 7.1. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let (X, ∆) be a klt pair of dimension n such that X is uniruled and K X + ∆ is pseudoeffective. If 
where π and µ are finite and g is birational, and a Q-divisor ∆ T on T such that (T, ∆ T ) is a log smooth klt pair with |K T | = ∅ and
Therefore, the pair (T, ∆ T ) does not have a good model by Lemma 2.7, hence 
We claim that X ′ is a klt variety. The claim immediately implies the theorem: indeed, since then X ′ has rational singularities, we have
, which together with (30) and (31) gives
and hence χ(X, O X ) ≤ 2 n−1 . To show the claim, by the proof of [DL15, Theorem 3.5] there exists a Qdivisor ∆ ′ on X ′ such that K X ′ +∆ ′ = π * (K X +∆) and Supp ∆ ′ = Supp π * ∆. Then for a rational number 0 < ε ≪ 1, denoting ∆ ′′ = ∆ ′ − επ * ∆, we have ∆ ′′ ≥ 0 and
Since the pair (X, (1 − ε)∆) is klt, so is the pair (X ′ , ∆ ′′ ) by [KM98, Proposition 5.20], hence so is X ′ , which finishes the proof.
Nonvanishing on Calabi-Yau varieties
As mentioned in the introduction, similar techniques as those used above can be applied in the context of nef line bundles on varieties of Calabi-Yau type. In particular, Theorem 8.1 generalises [LOP16, Proposition 3.4] and [Wil94, 3 .1] to any dimension. An immediate corollary is Theorem F.
Theorem 8.1. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a Q-factorial projective klt variety of dimension n such that K X ∼ Q 0, and let L be a nef divisor on X such that κ(X, L) = −∞. Let π : Y → X be a resolution of X. Then for every p ≥ 1 we have
Proof. We follow closely the proof of Theorem 4.1.
for all m ∈ T . We may assume that T ⊆ N: indeed, if L ≡ 0, then we can achieve it as in the proof of Theorem 4.1, and otherwise, we possibly replace Consider the exact sequence From (32), for every m ∈ S we obtain a divisorÑ m ≥ 0 such thatÑ m ∼ mπ * L − F Y , and hence
Denote N m = π * Ñm and F = π * FY ; note that N m is effective and F is pseudoeffective. Pushing forward the relation (33) to X, we get
Now Theorem 8.2 gives a contradiction.
Theorem 8.2. Assume the existence of good models for klt pairs in dimensions at most n−1. Let X be a Q-factorial projective klt variety of dimension n such that K X ∼ Q 0, and let L be a nef divisor on X. Assume that there exist a pseudoeffective Q-divisor F on X and an infinite subset S ⊆ N such that
Proof. The proof is very similar to that of Theorem 3.1.
Step 1. Note first that (34) implies
There are three cases to consider. First assume that N p is big for some p ∈ S. Then (34) implies that L is big, and the result is clear.
Step 2. Now assume that κ(X, N p ) = κ(X, N q ) = 0 for some distinct p, q ∈ S. Let r ∈ S be such that r > q. Then by (35) we have Step 3. Finally, by replacing S by its infinite subset, we may assume that (36) 0 < κ(X, N p ) < n for every p ∈ S.
Fix integers ℓ > k in S and fix 0 < ε, δ ≪ 1 such that: (a) the pair (X, εN k ) is klt, (b) ε(ℓ − k) > 2n, and (c) the pair (X, δN ℓ ) is klt. Fix an ample divisor A on X, and we run the MMP with scaling of A for the klt pair (X, δN ℓ ). Since we are assuming the existence of good models for klt pairs in lower dimensions, by Theorem 2.5 our MMP with scaling of A terminates with a good model for (X, δN ℓ ).
We claim that this MMP is L-trivial, and hence the proper transform of L at every step of this MMP is a nef Cartier divisor. Indeed, it is enough to show the claim for the first step of the MMP, as the rest is analogous. Let c R : X → Z be the contraction of a (K X +δN ℓ )-negative (hence N ℓ -negative) extremal ray R in this MMP. Since by (35) we have
and as L is nef, the ray R is also N k -negative. By the boundedness of extremal rays [Kaw91, Theorem 1], there exists a rational curve C contracted by c R such that
a contradiction which proves the claim, i.e. the MMP is L-trivial.
Step 4. In particular, the numerical Kodaira dimension and the Kodaira dimension of L are preserved in the MMP, see [KM98, Theorem 3.7(4)] and §2.2. Hence, L is not big by (35) and (36). Furthermore, the proper transform of F is pseudoeffective. Therefore, by replacing X by the resulting minimal model, we may assume that N ℓ is semiample. Note also that κ(X, N m ) > 0 for all m ∈ S by Lemma 2.8.
is nef. Notice that N m is not big, since otherwise L would be big as in Step 1. Therefore, we have 0 < κ(X, N m ) < n, and pick 0 < η ≪ 1 so that the pair (X, ηN m ) is klt. Since we are assuming the existence of good models for klt pairs in lower dimensions, by Theorem 2.5 the divisor ηN m is semiample. Let ϕ ℓ : X → S ℓ and ϕ m : X → S m be the Iitaka fibrations associated to N ℓ and N m , respectively. Then there exist ample Q-divisors A ℓ on S ℓ and A m on S m such that
If ξ is a curve on X contracted by ϕ m , then by (35) we have
Denoting B 0 = mB − A m , it is easy to check from (34) that
, and hence B 0 is pseudoeffective. Therefore the divisor A m + B 0 is big on S m , and
and note that this holds for m ∈ S sufficiently large. In particular, κ(X, L) ≥ 0, and then κ(X, L) ≥ κ(X, N p ) for all p ∈ S by (37) and (35), which finishes the proof.
Theorem 8.3. Assume the existence of good models for klt pairs in dimensions at most n−1. Let X be a Q-factorial projective klt variety of dimension n such that K X ∼ Q 0, and let L be a nef divisor on X which is not semiample. Let π : Y → X be a resolution of X. Fix a tensor representation E of Ω 1 Y , and let q be the rank of E. Then for all m = 0 sufficiently divisible we have
Proof. We follow closely the proof of Theorem 5.1. If κ(X, L) = −∞, then the result follows from Theorem 8.1. Therefore, in the remainder of the proof we assume that κ(X, L) ≥ 0.
Arguing by contradiction, assume that there exist some m 0 and some p and q such that
Then analogously as in the proof of Theorem 5.1, there exist a Cartier divisor N and an integer 1
Since O Y (−F Y ) is saturated in r E, the sheaf Q is torsion free, and hencẽ F Y = c 1 (Q) is pseudoeffective by Theorem 2.10. From the above exact sequence, there exists a positive integer ℓ such that ℓK 
Denote N m = π * Ñm and F = π * FY . Then F is pseudoeffective, and by Lemma 2.8 we have κ(X, N m ) ≥ κ(Y,Ñ m ) ≥ 1. Pushing forward the relation (40) to X, we get N m + F ∼ Q mL.
As in Steps 1, 3 and 4 of the proof of Theorem 8.2, we conclude that
Pick a rational number 0 < ε ≪ 1 such that the pair (X, εL) is klt. Then εL ∼ Q K X +εL is semiample by Theorem 2.5, a contradiction which finishes the proof.
Remark 8.4. Let X be a projective canonical variety of dimension n such that K X ∼ Q 0. Then we have
and in particular, |χ(X, O X )| ≤ 2 n−1 . Indeed, assume that there exists q such that h q (X, O X ) > n q , and note that
X by [GKP11, Proposition 6.9]. Then by Proposition 2.9 there is a positive integer N and a line bundle L ⊆ N Ω
[q] X * * with h 0 (X, L) ≥ 2. Let C ⊆ X be a curve obtained as complete intersection of n − 1 high multiples of a very ample divisor. By Miyaoka's generic semipositivity [Miy87a, Miy87b] , the sheaf N Ω
[q] X * * | C is nef, and hence semistable with respect to any polar-
X * * is semistable with respect to any polarisation by the theorem of Mehta-Ramanathan [MR82, Fle84] . However, the slope of L with respect to any ample polarisation is positive, a contradiction. In the more general setting when X has klt singularities, the techniques from Sections 5 and 7 show that |χ(X, O X )| ≤ 2 n−1 assuming the Minimal Model Program in dimensions at most n − 1.
Corollary 8.5. Assume the existence of good models for klt pairs in dimensions at most n − 1. Let X be a projective klt variety of dimension n such that K X ∼ Q 0, and let L be a nef line bundle on X.
Proof. The proof is similar to that of Corollaries 4.3, 4.4 and 5.2, so we will be quick on the details. By passing to a Q-factorialisation and replacing L by its pullback, we may assume that X is Q-factorial. Remark 8.6. Let X be a projective klt variety of dimension n such that K X ∼ Q 0. If we drop the assumption χ(X, O X ) = 0, then Corollary 8.5 fails in general: for instance, X could be a torus. However, one might expect that there is a line bundle L ′ numerically equivalent to L such that the conclusion remains true. Furthermore, note that if K X ∼ 0 and if n is odd, then we always have χ(X, O X ) = 0 by [GKP11, Corollary 6.11].
Recall that a Calabi-Yau manifold of dimension n is a simply connected projective manifold X such that K X ∼ 0 and h q (X, O X ) = 0 for all q = 1, . . . , n − 1. By the Beauville-Bogomolov decomposition theorem, CalabiYau manifolds are the building blocks for all manifolds with K X ≡ 0, together with hyperkähler manifolds and abelian varieties.
Theorem 8.7. Let X be a projective manifold with K X ∼ Q 0 and π 1 (X) finite. Let L be a nef line bundle on X with ν(X, L) = 1. Let η :X → X be the universal cover and assume that the Beauville-Bogomolov decomposition is of the formX ≃ X j , where all irreducible components X j are even-dimensional. Then κ(X, L) ≥ 0.
Proof. Replacing X byX, we may assume that X is simply connected. Since all X j are even-dimensional Calabi-Yau or hyperkähler manifolds, we have χ(X j , O X j ) > 0 for all j, hence χ(X, O X ) > 0. Since h 1 (X, O X ) = 0, numerical and linear equivalence of divisors on X coincide. If there exist a resolution π : Y → X, a positive integer m, and a singular metric h on π * L ⊗m with semipositive curvature current, such that the multiplier ideal sheaf I(h) is different from O Y , then the result follows from Corollary 6.6.
Otherwise, pick a resolution π : Y → X and a singular metric h on π * L with semipositive curvature current. Then the result follows from the proofs of Corollary 8.5(i) and Theorem 8.1, by invoking Theorem 6.1 instead of Theorem 8.2 in the proof of Theorem 8.1. Note that since I(h ⊗ℓ ) = O Y for all ℓ, the hypothesis in Corollary 8.5(i) that h has algebraic singularities is not necessary.
Remark 8.8. Note that if in the theorem above X j is a hyperkähler manifold of dimension ≥ 4 for some j, then η * L| X j ≃ O X j by [Mat99, Lemma 1].
We also have the following generalization of Theorem 8.7.
Theorem 8.9. Let X be a projective manifold with K X ∼ Q 0 and let L be a nef line bundle on X with ν(X, L) = 1. Let η :X → X be a finiteétale cover such that the Beauville-Bogomolov decomposition is of the form
where the X j are even-dimensional Calabi-Yau manifolds or hyperkähler manifolds, and T is an abelian variety. Then there exists a line bundle L ′ numerically equivalent to L such that κ(X, L ′ ) ≥ 0. Following [GKP11, §8], we say that a canonical variety X of dimension n and with K X ∼ 0 is a Calabi-Yau variety if for every quasi-étale cover X → X we have H 0 (X, Ω
[q] X ) = 0 for q = 1, . . . , n − 1; and that it is a singular irreducible symplectic variety if there is a non-degenerate reflexive holomorphic 2-form ω on X such that for every quasi-étale cover f :X → X, every reflexive holomorphic form onX is of the form cf * ω [p] with a constant c. These, together with abelian varieties, are conjecturally the building blocks of singular varieties with trivial canonical class. Then we have:
Theorem 8.10. Let X be a normal projective klt variety such that K X ∼ Q 0. Suppose that there exists a quasi-étale cover η :X → X, such thatX is either a Calabi-Yau variety of even dimension or a singular irreducible symplectic variety. Let L be a nef line bundle on X with ν(X, L) = 1. Then κ(X, L) ≥ 0.
Proof. By [GKP11, Proposition 6.9] we have H 0 (X, Ω
[q] X ) ≃ H q (X, OX ).
Therefore χ(X, OX ) > 0, and we conclude as in Theorem 8.7 that κ(X, L) = κ(X, η * L) ≥ 0.
We also note:
Corollary 8.11. Let X be a projective klt variety of dimension 4 such that K X ∼ Q 0, and let L be a nef line bundle on X with ν(X, L) = 1. Let η :X → X be the canonical cover and assume that h 1 (X, OX ) = 0. Then κ(X, L) ≥ 0. If L is hermitian semipositive, then it is semiample.
Proof. By [GKP11, Proposition 6.9 and Corollary 6.11], we have Remark 8.12. Several results of this section can be stated appropriately for klt pairs (X, ∆) such that K X + ∆ ∼ Q 0; they are often called varieties of Calabi-Yau type. The proofs of those generalisations are straightforward adaptations of the proofs presented above.
